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BOUNDED WEAK SOLUTIONS
OF AN ELLIPTIC-PARABOLIC NEUMANN PROBLEM

J. HULSHOF

ABSTRACT. In this paper we establish existence and uniqueness for bounded
weak solutions of an elliptic-parabolic Neumann problem. We also describe
the asymptotic behavior as t — oo.

1. Introduction. Let ¢: R — R be a continuous function which is strictly
increasing on R~ and identically equal to a constant on R (see Figure 1). For
a bounded domain 2 C R™ with smooth boundary 92 we consider the Neumann

problem

(1.1) (c(u))y =Au inQr=0Qx(0,T],
(1.2) (1) { du/dv=F ond0x(0,T),

(1.3) ¢(u(z,0)) = vo(x), z el

Here u = u(z,t), A denotes the Laplacian in R™ and d/dv the outward normal
derivative on Jf). For given functions f and vy we discuss existence, uniqueness
and asymptotic behavior of (weak) solutions of Problem 1. Equation (1.1) is elliptic
if u > 0 and parabolic if u < 0. Because of this change of type we cannot a priori
expect solutions to be classical.

The physical background of (1.1) lies in the theory of partially saturated flows
in porous media. In that context u stands for the hydrostatic potential and c(u)
for the moisture content or saturation. The part of (2 where u is negative is called
the unsaturated region, and that where u is positive the saturated region. The set
where u = 0 is usually referred to as the interface or free boundary.

Equation (1.1) has been studied extensively in one space dimension. Existence
and uniqueness of weak solutions were established in [5, 7] and considerable progress
has been made in the description of the interface [4, 6, 2].

If n > 1 equation (1.1) becomes more difficult. For that situation there is the
classical paper of Alt and Luckhaus [1] which deals with existence and uniqueness
of weak solutions for a class of equations including (1.1). The asymptotic behavior
of these solutions is described by Kroner and Rodrigues [8]. In both [1] and [8]
the boundary conditions are rather general but there is one restriction: Neumann
boundary conditions are excluded. It is the object of this paper to remove this
restriction.

We begin by giving an existence theorem for bounded weak solutions of Prob-
lem I, making the following hypotheses about the functions ¢, f and vg:

H1. ¢: R — R is uniformly Lipschitz continuous, ¢ = 1 on R*, ¢ € C}(R"),
¢ >0o0n R~ and limyj_o ¢(8) = 0;
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FIGURE 1. The function c(u)

H2. vy € C(9), vo # 1, and there exists a function ug € L*®({1) such that
vg = c(ug) on

H3. f e L*®° (00 x (0,T)), t(df/dt) € L*(dQ x (0,T)) and there exists a function
g € L*°(0Q) such that

(1.4) /Qg(a:) dz =0,
(1.5) f(z,t) > g(x), €00, 0<t<T;
H4.
T
(1.6) /Qvo(x)d:v+/0 /an f(z,t)dzdt < |,

where || denotes the measure of ().

DEFINITION 1.1. By a weak solution of Problem 1 we shall mean a function
u€ L?(0,T; H(Q)) such that

(i) c(u) € C((0,T]; L*());

(ii) for all test functions ¢ € H(Qr) with ¢(-,T) = 0 a.e. in Q the following
integral identity holds:
(1.7)

T
/QT{Vq&Vu—qﬁtc(u)}dzdt=/Q¢(:c,0)vo(x)d:c+/0 /an o(z,t) f(z,t)dz dt.

THEOREM 1.1. Let the assumptions H1-4 be satisfied. Then Problem 1 has a
unique weak solution u. In addition we have

(i) u€ L®(Qr) and c(u) € C(Qr);
(i) tVu(t) € L°(0,T; L2%(Q)), and c(u) € H(Q x [r,T)) for all T € (0,T);
(i) if uo € H'(Q) and 8/3t € L (80 x (0,T]), then u € L=(0,T; H ()
and c(u) € HY(QT).

Before we continue, we briefly discuss Theorem 1.1 in relation to the results of
Alt and Luckhaus. They exclude Neumann boundary conditions essentially because
they control the H!-norm of u in {2 with the L2-norm of Vu in {2 and the prescribed
values of u at some part of the lateral boundary. In dealing with the Neumann
problem one has to find a substitute for this argument.
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Our alternative is the construction of a bound on the L*®-norm of v in 2. This
has the advantage that we can use a regularity result of DiBenedetto and Gariepy.
In [3] they prove that for bounded weak solutions u of (1.1) the saturation c(u) is
continuous.

A lower bound is easily established because of the appearance of the function g
in H3. As a stationary subsolution for Problem I we can simply take a solution of

Vu =0, Q,
m {3
oufdv =g, 090,

and hence a lower bound is immediate.

The construction of an upper bound for u will require more effort. Observe that
integration of (1.1) over @, leads at least formally to a conservation law:

(1.8) /Qc(u(x,t))dz=/nv0(:c)dz+/o . f(z,s)dzds.

Because of (1.4) and (1.5) the expression on the right-hand side of (1.8) is nonde-
creasing in ¢. Thus assumption H4 merely states that [, c(u(z,t))dz is bounded
away from |Q| on [0,T]. We conclude, still formally, that the measure of the set
{z € Q: u(z,t) < 0} is bounded away from zero and this will lead to an upper
bound for u.

Once existence and uniqueness are established we turn our attention to the
behavior of u(z,t) as t — oco. Of course this is only possible if the assumptions
hold for all T > 0. For time independent boundary conditions this implies that

f(z,t)dz = / f(z)dz=0
an an
because of H4. Using a Liapounov argument we shall prove the following theorem.

THEOREM 1.2. Let H1-3 be satisfied and suppose that f = g in H3. Then
the weak solution u of Problem 1 exists for all T > 0 and u(-,t) — @ in H(Q) as
t — 00, where & 1s a solution of Problem 11 and satisfies

(1.9) /Q e(i(z)) dz = /n vo(z) dz.

The proof of Theorem 1.2 does not use the fact that ¢(—oo) = 0.
In the case of time dependent boundary conditions we obtain a similar but weaker
result.

THEOREM 1.3. Let H1-4 be satisfied for all T > 0 and suppose that f — g €
L1(6Q x RY), and that

(1.10) /Qvo(:c)d:c-}-/ooo /an f(z,t)dzdt < |Q].

Then the weak solution u of Problem 1 exists for all T > 0 and c(u(-,t)) — c(@) in
LY() ast — oo where 4 1s a solution of Problem 11 and satisfies

(1.11) /Qc(&(:v))d:c=/ﬂvo(z)da:+/ooo o f(z,t)dz dt.

So in both cases the solution converges to the equilibrium solution which has a
“total mass” prescribed by the conservation law (1.8).
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As a corollary of Theorems 1.1-1.3 and the continuity result of DiBenedetto and
Gariepy

(1.12) c(u(-,t)) = c(d) ast— oo in C(K)
for any compact K C (.

REMARK. The lower bound on f, required in H3, imposed a severe restriction
on the boundary condition we can allow. We can omit it, but unfortunately only
at the expense of a physically unrealistic assumption on ¢. Thus Theorems 1.1-1.3
remain valid if we replace H1, H3 and H4 by

H1*. ¢: R — R is uniformly Lipschitz continuous, ¢ = 1 on R*, ¢ € C}(R7),
¢ >0o0n R~ and
(1.13) liminf ¢'(s) > 0;

8l—o0
H3*. fe L>®(00 x (0,T)), t(df/dt) € L} (0 x (0,T));
H4*.

(1.14) ozltlgT {/nvo(z) dz+/0t /c'm f(z,s) dzd:c} < 19-

Note that H1* implies that ¢(—oc0) = —oo and that H4 had to be revised too,
because the right-hand side of (1.8) is not necessarily monotone.

An alternative approach would be not to work with L°-solutions. In the first
step of the existence proof however, Lemma 2.2 in the next section, we obtain an
a priori bound for the L?(Qr)-norm of u, using the a priori L*-bound for u. It
is possible to prove Lemma 2.2 without (1.13), if one has a Poincaré inequality for
u. This Poincaré inequality can be derived from the conversation law (1.8) and a
variant of the compatibility condition (1.6). Once Lemma 2.2 is established, the
remainder of §2 can be done in much the same way. We shall not go into the details
of this.

2. Regularization of Problem I; properties of weak solutions. In order
to construct a weak solution of Problem I we use a parabolic regularization. We
approximate the functions ¢, ug and f by sequences of smooth functions ¢y, ug, and
fn,n=1,2,..., which have the following properties:

(i) There exist constants K, L, L; and M such that for all n € N

(2.1) 1/n<c, <K onR,
(2.2) luon| <M on

(2.3) |fnl <L  ondQx[0,T],
(2.4) 1t(0frn/0t)|lL1 (002x(0,1)) < L1-

In addition, if up € H*(2) and 8f/8t € L'(d0 x (0,T)), there exist constants Lo
and L3 such that for alln € N :

(2.5) luonllH1 () < Lo,

(2.6) 10 fn/0tl| L1 (30x(0,T)) < L3-
- (i)

(2.7) fn>g ae. ondQx(0,T],

(2.8) Ouon(z)/0v = fu(z,0), z € 9.
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(i)

(2.9) cn—c inLi(R), Wig®(RT)  and Wi °(RY),
(2.10) en(uon) — vo  in LE.(Q) and L}(Q),
(2.11) fn—f in L}(802 x (0,T)).

From [9] we know that there exists a unique classical solution u, of the following
uniformly parabolic problem:

cn(wuy = Au  in Qr,
(In) dufdv = f, on 0 x (0,T],
u(z,0) = ug(z), z €.

We shall show that there exists a subsequence u,, which converges to a weak solution
of Problem I. In this section we prove this, assuming that we have a uniform L°-
bound on u,,. The main difficulty however, is to obtain such a bound. This will be
done in the next section.

PROPOSITION 2.1. Suppose that the sequence {u,} ts bounded in L°(Qt) by
a constant M,. Then there ezists a weak solution u of Problem 1.

Before giving the proof we derive some estimates on the solutions u,. By | - |l
we shall always mean the norm in L°°(Qr).

LEMMA 2.2. Suppose |lup|loo < M. Then there exists a constant i, which
does not depend on n, such that for alln

(2.12) // Vunl? < Cy.
Qr
PROOF. Define g,: R — R by

(2.13) gn(s) = /0 " 0! (0)do = /0 "(ea(s) = en(0) o

If we multiply the equation for u, by up, and integrate by parts we obtain, omitting
the subscript n,

(2.14) /n o(u(z,T)) dz + / /Q vt = /0 ) /a uf+ [n a(uo(z)) dz.

Since the right-hand side of (2.14) is bounded by

(2.15) C1 ¥ M, LT|60| + §K M|,

where K, M and L are as in (2.1), (2.2) and (2.3), (2.12) follows.

LEMMA 2.3. Suppose ||unlloo < Mi. Then there exist constants Co and Cs,
which do not depend on n, such that for alln

(2.16) / /Q H(en(un))e}? < Ca,
and '

(2.17) / |Vun(z, 1) dz < % 0<t<T.
9]
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PROOF. We multiply the equation for u, by tu,; and obtain, integrating by
parts over @, (0 < 7 <T) and omitting the subscript n

(2.18) //7tc JuZ + /|Vuzr|2dz
=7 Crmf(z,r)u(ar:,r)d:v—/0 /an(tft-*_f)u-*-%//cg, [Vul?.

The right-hand side of (2.18) is bounded by

¢ oM, LT|0Q| + My L, + LC4,

where L and L; are as in (2.3) and (2.4). If we put C; = KC and C3 = 2C, (2.16)
and (2.17) follow.

REMARK. If ug € H*(2) and df/0t € L' (002 x (0,T)), then multiplying the
equation by u; leads to an estimate of the form

(2.19) // : ch (tnt) (unt)? + % /Q [Vun(z,t)|? dz < Cq,

for some constant Cy4.
PROOF OF PROPOSITION 2.1. It follows from (2.12) and (2.17) that

uy is bounded in L%(0,T; H'(Q)),
and that for any r € (0,T)

Uy, is bounded in L (7, T; H'(Q)).
Hence, by (2.16),

Un def ¢n(uy) is bounded in H'(Q2 x (7,T)).

Consequently there exists a subsequence which we also denote by {uy}, such that
(2.20) Un ~ u in L*(0,T: H*(Q)),
Up —u in L°(r,T; H'(Q))

for any 7 € (0,T),
Julloo £ M, and
vp — v  in L®(Q7),
vp — v in HY(Q x (1,T)).

We claim that v = ¢(u). To see this observe that

(2.21)

llen(un) — c(un)lloo < |I|11<al\)/; len(s) —c(s)] — 0.
Combining this with (2.21) and the compact imbedding H! «— L% we obtain
¢(un) — vin L2(Qx(7,T)). From (2.20) we also know that u, — uin L*(Qx(r,T)),
and thus we may conclude that v = ¢(u). It is easily checked that u is a weak so-
lution of Problem I.
REMARK. If ug € H'(Q) and 9/t € L* (02 x (0,T)) we have

(2.22) Up —u in L%(0,T; H'(Q))
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and
(2.23) cn(un) = c(u)  in HY(Qr).

COROLLARY 2.4. Let u be the weak solution as constructed in Proposition 2.1.
Then u € L®(Qr), tu(z,t) € L>°(0,T; H}(Q)) and c(u) € HY(Q x (1,T)) for all
7€ (0,T). Ifup € HY(Q) and 8f/0t € L1 (00 x (0,T)), then u € L>(0,T; H*(?))
and c(u) € H'(Qr). Furthermore

(2.24) / /Q (VoVu — dre(u)} dedt + /Q 6(z, T)c(u(z, T)) dz

T
- / 6z, 0)vo(z) dz + / o(z,8)f(z,0) dz dt,
9} 0 19]

for all € HY(Qr).

Thus we know that Problem I has a bounded weak solution u, provided that the
sequence {u,} is uniformly bounded in L*°(Q7). Concerning the regularity of the
weak solution we recall a result of DiBenedetto and Gariepy.

THEOREM 2.5. Let u be a bounded weak solution of Problem 1 on Q1 and let
K C Qr be compact. Then c(u) s continuous on K, and the modulus of continuity
depends only on the dimension n, the shape of the function c, the L*°(Qr)-norm
of u, and the distance of K to the parabolic boundary 't of Qr. In particular
c(u) € C(Qr).

We conclude this section with two propositions.

PROPOSITION 2.6. Problem I has at most one weak solution.

The proof of Proposition 2.6 is identical to the uniqueness proof in [5] and
therefore we omit it.

PROPOSITION 2.7. Any weak solution u of Problem 1 satisfies the conservation
law (1.8) for any t € (0, 7).

PROOF. We substitute the test function ¢(z,t) = (r —t)* (0 < 7 < T) into
(1.7) and differentiate with respect to 7. This yields (1.8).

3. Local existence of bounded solutions. In order to prove existence of a
weak solution we still have to find lower and upper bounds for the classical solutions
of the regularized problems (I,,). We first give a global lower bound and then a
local upper bound.

PROPOSITION 3.1. There exists a function u € C(Q), such that u, > u on Qr
for alln € N.

PROOF. Let w € H!(Q) be the solution of Problem II which satisfies

/ﬂw(z) dr =0.

Then w is uniquely determined and from standard regularity theory we know that
w € WP(QQ) for all 1 < p < co. Hence w € C() and the function u € C(Q),
defined by u = w — ||w|lec — M, where M is as in (2.2), is a subsolution for all the
problems (I,). Consequently u < u, on Qr for all n.

The following proposition is the main result of this section and establishes a local
upper bound.
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PROPOSITION 3.2. Suppose that for some § >0
(3.1) / vo(z)dz < (1 -6)|9].
Q

Then there exist constants M > 0 and 7 > 0, and a function u(z,t) on Q, such that
u 15 a supersolution for all the regularized problems (1) and @ < M. The constant
M depends only on Q, L and 6, where L is as in (2.3).

REMARK. This proposition will enable us to continue bounded local solutions.
Note that the constant r may (and will) depend on the function vg. To prove
Proposition 3.2 we need some lemmas.

LEMMA 3.3. There exist positive constants ny,ne and ns, depending only on ()
and the constant 6 appearing in (3.1), and a finite number of disjunct closed balls
By,..., B, C Q such that

(3.2) > 1Bl > m,
1=1
(3.3) dist(B;, 00) > i=1,...,m
m
(3.4) v<l-n3 on U B,.

PROOF. This follows from the continuity of vy on , from the fact that 0 <
vo <1 on 2 and from (3.1). We leave the details to the reader.

LEMMA~ 3.4. For every closed ball B; as in Lemma 3.3, let Bi be a concentric
ball with |B;| = %|B;|. Let w be the unique classical solution of the problem

Aw=0 in O\(UZ, By),
() w=0 onUZ, 0B
Ow/dv =L ondNQ,

where L is as in (2.3). Then there exists a constant M > 0, dependin~g only on 1, L
and the constant § > 0 in (3.1), such that 0 < w <M on Q\(UZ, By).

PROOF. We shall compute an explicit bounded supersolution for Problem III.
Let G(z,y) be a Green function such that for every y € (1

(3.5) ' G(,y) =0 on 01,
(3.6) AG(,y) =6(y),

where 6(y) denotes the Dirac measure with unit mass in y.
Then, there exists a constant u > 0, dependlng only on n2, such that if
dist(y, 02) > naq,

(3.7) 0G(-,y)/ov > on .
Now define w(z) by

(3.8) w(z) = _ G(z,y) dy.
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FIGURE 2. The function g

Av=0 in Q\ (U Bi),
1=1

~ m
(3.9 3—1: >u- ZIBA > MTﬂl on 9.
1=1

Then w satisfies

and

Furthermore we know that
(3.10) i)™ [ Gapdysi@so.  zen,
Q

where @ is the classical solution of

Au=1 in(],
v
(V) { u=0 on 0.
Now we can define a supersolution @ for Problem III, namely
_ 2L (. .
wW(z) = pr {'w(:c) - mdnu}.

Since W > 0 on (, it follows from (3.9) that @ is indeed a supersolution and that

0 < w(z) < w(x), T€E ﬂ\ (O 13’,») .

Moreover

(3.11) W(z) <M
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where M depends only on 7;,72, L and Q. Since n; and 7, only depend on Q and
6, this completes the proof of Lemma 3.4.

PROOF OF PROPOSITION 3.2. We are now ready to construct 7. We extend
the solution w of Problem III as a H!-function to the whole of {2 in such a way that
Aw is bounded from above in the sense of distributions. To do this define € > 0 by

(3.12) c(—2¢)=1-ns.

For every B; we choose a radially symmetric function w; € C? (E,) such that

(313) —& S Wy S 0 in Bt‘,
(3.14) w; =0 ondB,,
(3.15) Ow/dv; < dw;/dv; on dB;,

where v; is the outwards directed normal on dB;. Now extend w to () by
(3.16) w(z) = wi(z), T€B;, i=1,...,m.

Let M = max{Aw(z): z € Ei, t=1,...,m}. Then it follows from (3.15) that
(3.17) Aw<M inQ,

in the sense of distributions.
We choose €* € (0,¢) such that (see Figure 2)

(3.18) do(z) & w(z)—e* >0 forz€dB;, i=1,...,m.
By (3.4), (3.12) and (3.13) we have

(3.19) Up >upg on U By,
i=1

and since Tp > 0 on Q\(UZ, B;), it follows that the functions ug, in §2 can be
chosen in such a way that

(3.20) Uon <o on (.

Choose a constant m; > 0 such that

(3.21) ¢, >m; on[-¢g —3€%]

for all n € N and define

(3.22) u(z,t) =To(z) + (M/my)t, zef, t>0.
We claim that %@ is a supersolution for Problem I,, on @,, where
(3.23) T=¢"my/2M.

To check this we observe that
¢ (@) = ¢, (WM/my > M > Au

on B; x (0,7], 7 =1,...,m, and that

=1
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Furthermore, for all n € N,
0u/dv = L > du,/dv  on 09 x (0,T).

Combining this with (3.20) we can conclude, by means of the classical comparison
principle for parabolic equations, that

(3.24) u>u, onQ@, forallneN.

Since < w < M on Q,, where M is defined by (3.11), this completes the proof of
Proposition 3.2.
A direct consequence of Propositions 2.1, 3.1 and 3.2 is the following proposition.

PROPOSITION 3.5 (LOCAL EXISTENCE OF BOUNDED SOLUTIONS). There
ezists a T > 0 such that Problem 1 has a unique weak solution u on Q, which has
the regularity properties described in Corollary 2.4 and which satisfies

(3.25) u<u<M,

on Q,, where u € C(1Q1) is the su_bsolution appearing in Proposition 3.1 and M is
defined by (3.11). The constant M depends only on Q, L and 6.

REMARK. One could hope to prove Theorem 1.1 by applying Proposition 3.5 to
continue the solution in a finite number of timesteps to the whole of Q7. However,
since we do not control 7, which depends on vy, this approach fails. The timesteps
may become smaller and smaller and we may never reach T'.

4. Global existence of bounded solutions. In this section we complete the
proof of Theorem 1.1 and give a comparison principle.
We define § > 0 by

T
(4.1) /Qvo(z)da:+/0 | @ t)dzdi=(1-0) |0,

From the results in §3, we know that there exists 7 > 0 and M > 0 such that
Problem I has a unique weak solution u on @, which satisfies

(4.2) u<u<M

on ;. Here u is the stationary subsolution appearing in Proposition 3.1. By
Proposition 3.2, the constant M depends only on the constant ¢ as defined in (4.1).
We now define T* by

(4.3) T* =sup{0 < t; <T: Problem I has a unique weak
solution on @, which satisfies (4.2)}.

Because of the uniqueness of weak solutions all these solutions can be seen as
restrictions of one function in L*°(Qr-). There will be no confusion if we denote
this function again by u.

What we have to show is that u = u(t) is not only a solution of Problem I on
[0,T*), but even on [0,7*], and that T* = T. Clearly T* > 7 > 0. Observe,
however, that u is only on @, the limit of the approximating solutions u,. At this
point we do not know anything about the regularity of u for t > 7, apart from the
continuity of c¢(u) (Theorem 2.5). The following lemma clarifies the situation for
T<t<T*
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LEMMA 4.1. Let T* be defined by (4.3). Then u is a weak solution of Prob-
lem 1 on Qr- and it has the regularity properties described in Corollary 2.4 and
Theorem 2.5. In particular, for all test functions ¢ € H'(Qr-)

(4.4) /Q {VeVu — ¢re(u)} dzdt + /Q o(z, T*)e(u(z, T*)) dz

-
=/ ¢(a:,0)v0(:c)d:c+/ o(z,t) f(z,t) dz dt.
Q o Joa

Leaving the proof of Lemma 4.1 aside for the moment, we first finish the proof
of Theorem 1.1.

PROOF OF THEOREM 1.1. Because of Lemma, 4.1 it is sufficient to prove that
T* =T. We argue by contradiction and assume that T* < T.

Write v = ¢(u). By Lemma 4.1, v € C(Q7-) and hence g, defined by

(4.5) vo = v(,T7),

is well defined and 99 € C(f2). Since, for almost all t € (0,7*), v(-,t) = c(u(-,t))
and, again by Lemma 4.1, u(-,t) is bounded in H'(Q2) as t T T*, 9o satisfies H2.
By (4.1) and Proposition 2.7 it also satisfies (3.1). Thus we can apply the local
existence theory as developed in §3 to obtain a bounded local weak solution for
t > T*. More precisely, we find a time 7 > T* and a function

i e L®Q x (T*,7)) N L®(T*, 7 H (Q)),

such that c¢(@); € L?(Qx(T*,7)), and such that for all € H*(Qx (T*, 7)) vanishing
for t = 7, the following integral identity holds:
(4.6)

/TT.{Vd)Vu — ¢ec(u)} dedt = /Qqﬁ(:c,T‘)f;o(z) dz + /T - o(z,t) f(z,t) dz dt.

Note that for the construction of a bound on 4 we can take the same subsolution
u and the same constant M as in §3. By Proposition 3.5 we know that u <4 < M
on 2 x (T*,7]. We now extend u to Q7 by setting u = & on Q x (T™*,7]. It follows
from (4.4) and (4.6) that u is a weak solution on Q7 which satisfies (4.2). This
contradicts the definition of T* and thus T* = T. Theorem 1.1 now follows from
Lemma 4.1.

PROOF OF LEMMA 4.1. The idea of the proof is to reconstruct the solution
with the techniques developed in §3 but with a slightly different supersolution. All
we have to do is to get a hold on the timestep 7 in Proposition 3.2. This would
allow us to carry out successfully the approach sketched at the end of §4.

The reason why we do not control the timestep 7 in Proposition 3.2 is that we
do not control the radii of the balls By,..., B, in Lemma 3.3. Thus we nced a
variant of Lemma 3.3.

LEMMA 4.2. There exist numbers R > 0, 2 > 0 and 13 > 0 such that for
every t € [1,T*) a closed ball B(t) with radius R and dist(B(t), Q) > 72 ezists on
which c(u(-,t)) > 1 —73.

PROOF. We use Theorem 2.5. Since u € L®(Qr-), Theorem 2.5 states that c(u)
is continuous in 2 x [r,¢;] for any t; € [r,T*) and that the modulus of continuity
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depends only on the distance to dQ x [r,T*) and not on ¢;. Since 0 < c(u(-,t)) <1
on (2 and since by (4.1)

/ e(ulz,t)) dz < (1-8) - |02,
Q

the existence of R, 772 and 73 follows. The details are left to the reader.
In the construction of the supersolution in §3 we can now replace 7;,72 and 73

by respectively m = IB( )|, 12 and 7j3, and the collection of balls By,..., B, by
the single ball B(t). Then the constant 7, defined by (3.23), will depend on 71, 72
and 73, on L,c and (2, but apart from that only on the center of the ball B(t).
Since this center varies over a compact set and since all the constructions can be
done in such a way that the dependence of 7 on the center of B(t) is continuous, it
follows that 7 can be estimated from below by a positive constant 7*.

Now we are able to reconstruct u in a finite number of timesteps and Lemma 4.1
follows.

We conclude this section with a comparison principle.

THEOREM 4.3. Suppose that H1-4 hold for two sets of boundary conditions
vg, f and vo,f. Ifvg < 99 in Q and f < f on [0,T] a.e. then the corresponding
solutions also have the property that u < @ a.e. in Q.

PROOF. Because of the L*-bounds on » and @ we can reconstruct u and @
simultaneously in a finite number of timesteps. In every timestep the functions
Ugn, fn and Uon, f,. in §2 can be chosen in such a way that ug, < 4g, and f, < fn
The classical comparison principle implies that u, < 4,. Since u, — i, — u— 14 in
L2, it follows that u — % < 0 a.e.

5. Asymptotic behavior for the autonomous problem. In this section we
prove Theorem 1.2, where we assume that H1-3 hold with f = g. Without loss
of generality we take ug € H'({2). Observe that in this case the existence proof
can be simplified substanteously. The functions f, in §2 can be taken to be time
independent and to satisfy

(5.1) fn(z)dz =0,
aq
and
(5.2) fo— f in LP(6Q) for all p > 1.

Using solutions of

Au=0 in Q,
(IL,) {

Ju/dv = f, on 9Q,

as sub- and supersolutions it is now not difficult to construct a global and uni-
form L°°-bound for the approximating solutions u,, independent of T. Multiply-
ing the equation for u, by u,: and integrating by parts, a uniform estimate for
llun (-, t)|| 1 (q) independent of n and t follows immediately. Consequently (2.20)
and (2.21) hold for any T > 0.
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To study the asymptotic behavior of u we use a Liapounov function argument.
We define ¢: R — R by

(5.3) q(s) = /Os oc'(0)do = /Os{c(s) —¢(0)} do,

and V: [0,00) — R by

(54) V() = [ {alulz.t) = ia)e(ulz, ) da.

where 4 is the asymptotic solution appearing in Theorem 1.2. Observe that q only

depends on ¢(s) and that ¢(s) = 0 for s > 0.
If we differentiate (6.4) two times, we obtain, after a formal calculation, that

(5.5) Lwn=—/ﬂmeu—vm@ngo,
Q
and
(5.6) V'(t) = —2/ (Vu — Vi)Vu; dx
Q

= 2/ Auuy dz = 2/ ¢’ (u(z,t))us(z,t)? dz > 0.
Q Q

Unfortunately, we do not have a rigorous proof of (5.5) and (5.6). However, the
following lemma will be sufficient for our purposes.

LEMMA 5.1. LetV be defined by (6.4). Then V s convez on [0,00) and

(5.7) Vits) <V(t1) — /:2 /ﬂ |Vu(z,t) — Va(z)|? dz dt,

for all0 <t; <ty <o0o. ThusV s a Liapounov function.

PROOF OF LEMMA 5.1. We return to the classical solution u, of the regular-
ized problem. Define g, by (2.13) and V,, by

(5.8) Va(t) = /Q (@n(un(2,8)) — iin (2)en (un(2, 1))} da,

where 4, is the solution of Problem II,, which satisfies

(5.9) /ﬂcn(ftn(z))daz=/ncn(u0n(z))dx.

Since u, and 4, are classical solutions it follows that (5.5) and (5.6) hold with
V,c,u and 4 replaced by V,,cp,u, and 4,. Observe that (5.5) can be written as

(5.10) | (anli(2,1)) = (e, )}
=_/3/W%u@—kuWmm,
t Q

for all ¢1,t2 € [0,00) and that V,, is convex.
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LEMMA 5.2. Let V,, and V be as above, and let u, denote the subsequence
which converges to the weak solution u of Problem 1. Then V,, — V pointwise as
n — oo.

PROOF. We set v, = c,(uyn) and v = ¢(u). As we observed above (2.21) holds
for any T > 0 and consequently

(5.11) vn(,t) = v(-,t)  in L%(Q)

for any ¢t > 0. Hence there exists for every fixed ¢ > 0 a subsequence v,(-,t) such
that

(5.12) vu(t) = v(-,t) a.e. onfl
By standard regularity theory we have that
(5.13) i, — 4 in WhP(Q), p>1.

Because of the L>-bound on uy, it follows from [7, Lemma 4] and (5.11) and (5.13),
that

Qu(uu(5 1)) — dueu(uu(-,t)) — q(u(,t)) — de(u(-,t))  a.e. onfl,
and thus, by Lebesgue’s dominated convergence theorem, that
(5.14) Vu(t) = V(t) asp— oo.
Since for any ¢ > 0, any subsequence contains a further subsequence which satisfies
(5.14), we have in fact that
Vo(t) = V(t) asn— o0

for all ¢t > 0. This proves Lemma 5.2.

We continue with the proof of Lemma 5.1. By Lemma 5.2, the convexity of V
is a consequence of the convexity of V,,. To prove (5.7) we let n tend to infinity in
(5.10). Since
(5.15) in — @ in HY(Q),
and

Un _*;u in Loo(tlat2;H1(Q))7
it follows that
Vi, — Vi, — Vu—Va  in L2(Q x (t1,t2)).
Thus the equality sign in (5.10) has to be replaced by an inequality sign in the
limit. This completes the proof of Lemma 5.1.

PROOF OF THEOREM 1.2. From (5.10), (5.13) and the uniform bound on

Jo |Vun(z,t)|? dz we derive that the sequence V;, is bounded in W1 *°(R*). By

Lemma 5.1 we have that V is convex and hence that V' is nondecreasing. Since V
is bounded we conclude that V'(t) | 0 as ¢ T co. But then Lemma 5.1 implies that

0< / |Vu(z,t) — Via(z)|2dz < V'(t) | 0,
Q
or
(5.16) Vu(-,t) = Vi in L}(Q) as t — oo.

Hence any sequence ¢, 1 oo has a subsequence ¢, T co such that u(-,¢,) converges
in H!(Q2). Because of Proposition 2.7, the limit can only be @. This completes the
proof of Theorem 1.2.
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6. Asymptotic behavior for the nonautonomous problem. We now prove
Theorem 1.3. Throughout this section we assume that H1-4 hold for all T > 0,
that f — g € L*(0Q x R*), and that (1.10) holds.

PROOF OF THEOREM 1.3. Fix € > 0. Then there exists T, > 0 such that

(6.1) OS/:D/Em{f(z,t)—g(z)}dzdtge.

Let v = ¢(u) and let u, be the weak bounded solution of

(c(u))e = Au  in Qx (T¢,00),
(Ve) du/dv =g on 00 x (T, 00),
c(u(z, Te)) = v(z, Te), ze .

By Theorem 1.2, this solution exists and
(6.2) c(ue(-t)) — c(e) in L'(Q)) ast— oo,

where 4. is the solution of Problem II which satisfies

Te
(6.3) /Qc(zle(z)) =/ﬂv0(z)dz+/0 o f(z,t) dzdt.

Note that the difference between % and . is a constant depending only on € and
that

(6.4) b(e) & le(te) — (@)l ) =0 ase— 0.

By the comparison principle (Theorem 4.3),
(6.5) c(ue) <e(u)  on 2 x (Tg, 00),

and (6.1) implies, with Proposition 2.7,

(6.6) 0< / {c(u(z,t)) — c(ue(z,t))}dz < €
9]
for all t > T.. Thus, using the triangle inequality

lle(u(,t)) — e(@)llzr () < lle(u(-t)) — c(ue(- 1)l (o)

(6.7) + lle(ue (1) = e(@e) Ly + lle(ie) — e(@)l L @)-

Hence, by (6.2), (6.5) and (6.6),

(6.8) liinsup lle(u(-,t) = c(@)llL1qy < ble),
— 00
for every € > 0 and Theorem 1.3 follows from (6.4) and (6.8). Note that (1.12)
follows from Theorem 1.3, Theorem 2.5 and the Arzéla-Ascoli Theorem.
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